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Iterative Methods

1- Simple Iterative Method:-

In this method rearranging the function f(x) = 0, so that x is one of the left
hand side of the equation.

X=g(x) P |

This transformation can be accomplished either by algebraic manipulation
or by simple adding x to both side of the original equation.

For example:
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Ex1.
F)= 22 —2x+3=0, g(x)=x="22
Ex2.
F(X) = sinx
Adding x both side X =sinx+x , g(Xx) = sinx+x
Predict the value of x as a function of x, thus given an initial value at

the root sub. In equation (1).
The equation (1) can be to compute a new estimate

Xi+1 as expressed by iteration.

Simple lterative Method

i = A4 Jaad 1

X=0(X) GsSs g AV cijhl) & Al Ady g diph b x pai -2

Ledll (g Jeaa s (initial value) 41y Aadl) agay A 83
o A EY) Al (1) Bapaad Al sl 1S5 S gy i Al
Aaill) pa i AiaiV) Aalll QS Cpad el s Lagdy QWS Gigaa axe Alla
new value(xi+1) sl
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058 Gy g 4l o2 agaig (X)) Malae GUELEN A e dlld g(usally

g'(x)<1
Baal) dall) o Jguanll Jgaadl qufi 5 (6% -5

[ Xi Xi+1=g(x)

The error can be determined by using the following equation.




€=| xi+1—xi|*100%
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Ex1/. Use Simple Iterative Method to calculate the root of

f(x) = e =X ,use initial value 0.0000

sol.

For xi+1=g(x) = ™

i Xi xi+1=g(x)= e~ €%
0 0.0000 1.0000 100
1 1.0000 0.3687 71.8
2 0.3687 0.6922 46.9
3 0.6922 0.5004 38.3
4 0.5004 0.6062
5
6
7
0.5671 0.5671 0

The true value x'=0.5671
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Ex2/ Find the root of the equation (2x3-7x+2 = 0) using the simple
iterative method.

sol.

To find the initial value of the iteration xi we must graph the function

X y = 2X3-7X+2
-1 7
0 2
<€
1 3 5 LEY) s
2 4 €

-2 2aall laal 2.1);334::

-1.5 2.5

To find the first root 0 < x’< 1

Xi+1= §(x3 +1)

g'(x) = gxz g(0)=0<1,g(1)= g <1 the solutionis
convergence

i Xi Xi+1= %(x3 +1)

0 1.000 0.5714

1 0.5714 0.3390

2 0.3390 0.2968
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3 0.2968 0.2932
4 0.2932 0.2929
The value X'=0.2929
5 0.2929 0.2929

The 2"root 1< x'< 2, g'(1)= 73 <l ,4d'2)= 27—4 >1  the solution
divergence ,therefore , the equation must be change

--3/2-_ X)) =y = 1)) 52
Xi+1= 5 Xi 1 ,g(x)—g(zx 1) /3 *

g'(1)=0.179< 1, ¢g'(2) =0.3533<1 then the solution is convergence

i xi Xi+1== 3/%xi 1

0 1.000 1.3572
1 1.3572 1.5536
2 1.5536 1.6433
3 1.6433 1.6812
4 1.6812 1.6967
5 1.6967 1.7029
6 1.7029 1.7054
7 1.7054 1.7064
1.7064 1.7068 The value X =1.7071
9 1.7068 1.7070
10 1.7070 1.7071

11 1.7071 1.7071
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JIsall a3 (i sall) play adie (e Grapher Free gl (s 3aliuy) Gl ; dullal) 305l
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F(X)=2x"3-7x+2

Grapher Free

Equa.. v 2x*3-7x+2=0

Solutions for x:

s 2
0.2928932188134525
1.7071067811865475
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Ex3/ Find the root of the equation x= Cos X, using simple iteration
method.

Sol.
F(X) = x —cos (X) to find initial value use graph
g(x) = cos (x) O3 Aliall J)sal) s 8 1las Fage Aaadle
X_|__y=X- €05 (X) Rad . Ly
-1 -1.54

0 -1 <

N1 +0.459 LBV s
2 +2.416

-1.5 2.5

g'(x) =-sin(x), g (0) =0<1, g (1) =0.841<1 then the solution is
convergence

i Xi Xi+1= COS(X)
0 0.00 1.00
1 1.00 0.54
2 0.54 0.86
3 0.86 0.65
4 0.65 0.79
5 0.79 0.70
6 0.70 0.76

The value x"=0.74
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7 0.76 0.72
8 0.72 0.75
9 0.75 0.73
10 0.73 0.74
11 0.74 0.74

Ex4/ Find the root of the equation x* — 4 = Inx use Xo=1.000

Solve by simple iterative method.
Sol.

Xi+l=g(X) =Vinx + 4
To check convergence: g'(x) = 0.5 (Inx + 4)°° (1/x)

f(1)=025<1....0k

i Xi Xi+1== /lnx + 4

0 1.000 2.000

1 2.000 2.166 The value X"= 2.187
2 2.166 2.185

3 2.185 2.187

4 2.187 2.187

Ex 5/ Find the root of the equation 2x°>-2x-1= 0 use simple iterative
method start with xo= 0.000

Sal.

Check convergence..?
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. . . 512x+1
I Xl Xi+1l== / 5

0 0.000 0.871
1 0.871 1.065
2 1.065 1.094
3 1.094 1.098
4 1.098 1.098

The value x"'=1.098

2- Bisection lterative Method:

. (Two initial values) cmas cpha s Jlgad) (8 2 5a 5 38y Hlall 23¢s L il

F(x)=0 Al (S5 o g

IS (A (%) ,F(X) sy Al X xo el sUnall AS0Y) al oy g3 oy
. doY)

1
X1= E (Xo + X’o) ............................................. 3

F(X1) Sn sllandll AU 3 ) A s pe
Laa.aa) 5 L) <€ 131 ol (o) 5 LENL 5 i F(X) F(X) 3880 0558 o) Ja sy
C Ol el et ) SE Jg) (e I (99 uSally g Al (gAY (985 A ga
Xo sia (e Gilaal) ) ST e A JEal VA (e xy A e =1 )il B
Ldadl Jsb Je RV f(X) 8L B i /(X)) 3L Jaay Cumy X/

-1
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Ex.6 / Find the root of the equation f(x) = I¥1=0 using method

X

of bisection, assume an initial values X, = -0.5, x’o = -4. Perform
the calculation to 4 Decimal places.

Sol.

[ X f(x) X’ f'(x)
0 -0.5000 -1.0000 -4.0000 0.7500
1 -2.2500 0.5556 -0.5000 -1.0000
2 -1.3750 0.2727 -0.5000 -1.0000
3 -0.9375 -0.0667 -1.3750 0.2727
4 -1.1563 0.1351 -0.9375 0.0667
5 -1.0469 0.0448 -0.9375 0.0667
6 -0.9922 -0.0079 -1.0469 0.0448
10 -1.008 0.0008 -0.9991 -0.0010
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X"=2(=1.008 + (-0.9991)) = —1.0035

Applied Example

EX.7/ for the isentropic flows of a perfect gas from reservoir through a

Convergent- Divergent nozzle. Operating with sonic velocity at the throat, it
may be shown that:

= () 17— )
A? 2 y—1

Where (P) is the local pressure at cross sectlonal area (A), (Ao is that area
of throat, (Po) is the stagnation pressure at the reservoir. y =1.41,A =
0.12, At=0.1, Po =100. Find the local pressure P. Use (P =22.0000 and P =
28.0000) as initial values and work 4D places.

y+1

sol.

A%, y+1rtl 2 P r+1

= (o (y ) G~ Go)'7

f)= e (5) [y -] -

f(p) = 14. 5979[(100)1'4184 (m)1 7092] 0.6944 =0

i p f(p) p’ f'(p)
0 22.0000 -0.0873 28.0000 0.0480
1 25.0000 -0.0164 28.0000 0.0480
2 26.5000 0.0165 25.000 -0.0164
3 25.7500 0.0002 25.0000 -0.0164
4 25.3750 -0.0008 25.7500 0.0002
5 25.5625 -0.0038 25.7500 0.0002
6 25.6562 -0.0018 25.7500 0.0002
7 25.7031 -0.0007 25.7500 0.0002
8 25.7265 -0.0002 25.7500 0.0002

p"==(25.7265 + 25.750) = 25.7382
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2- Newton Raphson method:-

Ja & Wil (Convergence) il s Jl J gen ol &lad S0 43 plall 038 p5a5

e g S el S o1 (2.5) JSBI 8 pnae LS g il s Tl Audas U o )

-

el A e sl (Axg) L e s pia 5505 3 (o o(Xy) Al die il Cibia gl 28

fix)

4

(2.5) Jes

s A Laly g (Taylor Senes) L0 Alils dhaa oda &l s S

o g F(x. | (X )
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Ex8/ Find the root by using Newton-Raphson method and use
initial value x, = 1.7500, f(x) = ~— 0.16

Sol.

f)=—= ,

f(x)

Xi+1= Xj- @
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i Xi f(xi) ' (Xi) % Xi+1
0 1.7500 0.4114 -0.3265 -1.2600 3.0100
1 3.0100 0.1722 -0.1103 -1.5611 45711
2 45711 0.0587 -0.0478 -1.2280 5.7991
3 5.7991 0.0124 -0.0297 -0.4175 6.2166
4 6.2166 0.0008 -0.0258 -0.0310 6.2476
5 6.2476 0.0000 -0.0256 -0.0000 6.2476

The value X"'=6.2476

The condition of convergence of Newton-Raphson method:

1- Let the root between (a),(b) asx<b
2- To check of convergence f(a) . f(b) <0, that means
F(a) , f(b) opposite sign.

3-The derivative of f'(a) . f'(b) # 0
4- The second derivative don’t change sign from ato b

Ex.9/ Prove the convergence conditions of Newton-Raphson
method, then solve it (3D), f(x) =X3+X-1

SOL.. To find the initial value

x y= X3+X-1
x  flx)
-1 -3
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will 038 (m gai @eeech) (e 5 (5l (X=0, X=1) e (i s die 5 LEVL e s ; Adaadle
. Aiaally Unyl Lgum gy Aaloa) A1) 3

F(0)=-1,f(1) =1

' (x) =3x?+1 f(0).f(1)=-1<0 OK
f0)=1,f(1)=4
' (0). f' (1) #£0 OK
F" (x) = 6X
f"(1)=6>0 OK ... Converge
Xi+r1= Xj- )

+1— | f'(x)
[ Xi f(xi) ' (xi) oo Xi+1
0 1.000 1.000 4.000 0.250 0.750
1 0.750 0.172 2.688 0.064 0.686
2 0.686 0.009 2.412 0.004 0.682
3 0.682 0.000 2.395 0.000 0.682

The value is x"=0.682

Application of special cases for Newton-Raphson method:

A-Square root
Let n >0, n any number

Y 4
X?=n
X2-n =0 = f(x)
f'(x) = 2x
dall &l glasd
Gkl a5 -1

Dtall ) ddaleall S s -2
Adaladl 3uis -3




NAMERTCAL ANALYSTS
2019/2020

Newton-Raphson method 4& ks J~i -4

Ex.10/ Find the square root by Newton-Raphson method start
Xi=3.0000, where n=10

Sol.

X=v/10 —> x2=10

X2-10=0 = f(x)
f(x) = 2X

N (¢
X|+1— X| _f'(X)
i Xi f(xi) ' (xi) 6o Xi+1
0 3.000 -1.000 6.000 -0.1666  3.1667
1 3.1667 0.0279 6.3334 0.0044 3.1623
2 3.1623 0.0001 6.3246 0.0000 3.1623

The value is x'=3.1623

B-Root of any arbitrary order:

Let n >0, n any number

LY 7— 5
Xk=n

XKk-n=0="1(x)

f'(x) = k xk*!

Jall ¢l glad

k dad (i A dabaall &l 28 5 -1
all A dabeall (g gl -2
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aleal) 3ii -3
Newton-Raphson method & ks J~i -4

Ex.10/ Find ¥/7 by Newton-Raphson method start xi = 1.50000
take accuracy 5D

Sol.

X=3/7

X3=7

X3-7= 0 = f(X)
f'(x) = 3X2

f
Xi+1= Xi- %

i X (i) f (x) % Xi+1

1.50000 -3.62500 6.7500  -0.53703  2.03704
2.03704 1.45276  12.44859 0.11670  1.92034

0
1
2 1.92034 0.08164 11.06311 0.00737 1.91297
3 1.91297 0.00042 10.9783 0.00003 1.91294
4

1.91294 0.00009  10.97801 0.00000  1.91294

The value is x'=1.91294

C-The Reciprocal of any number:

Letx = 1
n

F(x):i—n=0




(@] o1 HEN w N [l o

1
f'(X) = — F

Ex.11/ Find the Reciprocal of 2 using Newton-Raphson method

start x;=0.1000

Sol.

1

X:E

f)=3—2=0,f(x)=- x—lz

Xi

0.1000
0.1800
0.2951
0.4160
0.4858
0.4995
0.4999

f(xi) ' (xi)

8.0000 -100.0000
3.5555 -3.08641

1.3886 -11 4831
0.4038 -5.7784

0.0584 -4.2372
0.0020 - 4.0080
0.0004 -4.0016

The value is x"=0.4999
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)
f' (%)

-0.0800
-0.1151
-0.1204

-0. 0698

-0.0137

-0.0004

-0.0000

Xi+1

0.1800
0.2951
0.4160
0.4858
0.4995
0.4999
0.4999
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Solution of Simultancoug Lincar Algabraic Eguation

Chapter Two

Solution of Simultaneous Linear Algebraic Equation

The following linear system of equation:

an X1t anXor a3 X3 + Qi Xn=Db1
a1 X1t axn Xor A3 X34 + @ Xn=b2
a3z X1+ a3 Xo+ A33 X3+, + Q3n Xn= D3
Aml X1 Am2 X2+ Am3 X3+ + dmn Xn=bm
where:
aij 1=1,23,.......... m
=123, n
X1, X2, X3, Xn variable
b1, b2, b3 bm constant

............

The above system can be written in the form:

all al2.... ainy[¥! E;
a21 a21.... azn||X2|=
xnl Lp

a3l a32.... a3n
n

AX=B
To solve the above system we have two types of methods:

A-The direct methods
e The matrix inversion method
e The Gauss elimination method

e The Gauss Jordon method
B- The indirect methods

e Jacob's method
e (Gauss Seidel method
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Types of matrix:

1- Upper Triangular Matrix

0 a2?2 a23

[all al2 a13]
0 0 a33

2- Lower Triangular Matrix

all O 0
a2l a22 0

a3l a32 a33
3-Digonal Matrix

a2l 1 a23

[ 1 al? a13]
a3l a32 1

4-Unit Matrix [

A-The Direct Methods:

1-The matrix inversion method AX=B to find the variable x by
matrix inverse

X=A"B
A= Al

EX1. Use the inverse of matrix to solve the following
linear equations.

3X1- 6X2+7x3= 3
9X1 - 5X3 =3
5xi- 8xp +6x3= -4




Solution of Simultancong Lincar Algebraic Equation

3 —6 7 X1 3
A= |9 0 -5 |, X=[X2|.B=[ 3
5 -8 6 X3 —4
AX=B
3 -6 71[X1 3
9 0 -=5[|X2|F 3
5 -8 611lx31 1-4
To find A
(Unit matrix) I s2s ol 48 smny A 48 ghiaall o pua o -]
3 -6 7 :1 00
9 0 -5 =: 0 1 O
5 -8 6 : 0 00

- aalltl) ol gladl) DA e B2 )

New Rowi=Rowi/ all

=
1 -2 233 : 033 0 O
9 0 -5 : 0 1 0
5 -8 6 0 0 O
New Row>2 = Row, - azl Rowi
all
New Rows;= Rows - a3l Rowi
all
1 -2 233 : 033 0 O ]
0 18 -26 =3 1 0
0 2 =565 =165 0 1 E



osama
Note
Row1/3



osama
Note
9 - (9/1) = 0

0 - 9 (-2) = 18

-5 - 9 (2.33) = -26

0 - 9 (0.33) = -3

1 - 9 (0) = 1

0 - 9 (0) = 0

osama
Note
5 - (5/1) = 0

- 8 - 5 (-2) = 2

6 - 5 (2.33) = -5.65

0 - 5 (0.33) = -1.65

0 - 5 (0) = 0

1 - 5 (0) =1
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New Row>=Row>/ a22

1 -2 2.33 : 0.33 0 O
0 1 -144 :-0.17 0.06 0
0 2 =565 :-165 0 1

New Rowi= Rowi- al2 Row>

New Rows= Rows- a32 Row:

1 0 —-055 : —0.01 012 0
0 1 -144 :-0.17 0.06 0
0O 0 =277 :-131 -012 1

New Rows=Rows/ a33

1 0 —-055 : —-001 0.12 0
0 1 —-144 : —-0.17 0.06 0
0 0 1 : 048 0.04 -0.36

New Rowi= Rowi- al3 Rows

New Row>= Rowz- a23 Rows

1 0 0 :026 014 -0.2
0 1 0 :052 012 -0.52
0 01 :048 0.04 -0.36

A'=| 052 012 -0.52

0.26 0.14 —0.2]
048 0.04 -0.36




Solution of Simultancong Linear Al

X=A"'B
X1 026 014 -0.217[3
X2|=1| 052 0.12 -0.52|| 3
X3 048 0.04 -0.361L-4

2- The Gauss Elimination Method
ai X1+ an X2+ a3 X3 =by
a2 X1+ axn Xo+ a3 X3=bo
a31 X1t a3 X2+ a33 X3 =D
e From this method the matrix is [aij : D]

a2l a22 a23 :b2

[all al2 al3 :bll
a3l a32 a33 :b3

e We will get an upper triangular matrix.

all al2 al3
0 a22 a23
0 0 a33

raic Eguation

(026)(3)+ (0.14)(3)+ (=0.2) (-4)

X1
x2|=| (052))+ (012)(3)+ (~0.52)(—4)
X3 (048)(3) + (0.04)(3) + (—0.36)(—4)
X1 2
X2| = [4] — X1=2 ,X=4, X3=3
X3 3
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e Use back substitution to find x; , X2, X3
X3=b3/833  --mmmmmmmmemmmmm s oo a
Xo= (b2- 223 X3) / @22 ----------mm-mmomee- b

x3= (b1- a12 X2-213 X3) / @11 ====m-mmmmmmmmee- C

EX2. Find the solution of the following matrix using
Gauss elimination method, working 4D.

2.37 X1+3.06 X>- 4.28X53=1.76
1.46 X;-0.78 X, + 3.75X3=4.69

3.69 X;+5.13 X,-1.06X3=5.74

SOL.

146 -0.78 3.75 :4.69

[ 2.37 3.06 —4.28 :1.76 ]
—3.69 5.13 1.06 :5.74

Use an upper triangular matrix.

a2l
New Row>= Row> - 1 Row

a3l
New Rows= Rows - — Row;

all
2.37 3.06 —4.28 :1.76
0 —2.6650 6.3865 : 3.6058
0 9.8944 —5.604 : 8.4803

a3?2
New Rows= Rows- 7 Row»




Solution of Simultancoug Lincar Algabraic Eguation

2.37 3.06 —4.28 :1.76
0 —2.6650 6.3865 : 3.6058
0 0 18.1072 : 21.8676

Use back substitution to find xi, X2, X3

21.8676
© 18.1072

X3 =b3/ as3 = 1.2077

X2 - (b2 223 x3)/a20= (3.6058-(6.3865(1.2077)))/ —2.6650
X2=1.5412
x3= (b1- ai2 X2-a13 x3)/a11
x3=(1.76-(3.06)(1.5412)-(-4.28)(1.2077))/2.37

x3= 0.9337

3- The Gauss Jordon Method
From the matrix [4 : b] and by some elimination
step change the matrixto [I : b']

EX3. Solve the following linear equation using Gauss Jordon
method.

2X1-4Xo,+6X3=5
X1+3X,-7X3 =2
TX1+5 X,+9X5=4

SOL.

A i b] e A siad) Jans

=N ol
[




Solution of Simultancong Lincar Algebraic Equation

Ll sl inverse of matrix 4L yh u‘s La Liaasdsi LF"\S\ <) gladl) yue PREN
Unit matrix

[4: bl ——5 [ b1

3ol h' b & ST Cagn Xy, Xp, X3 a

= DN Ul
—

a21
New Row>= Row? - P El Row

a3l
New Rows= Rows - El Row

1 -2 3 : 2.5

0 5 =10 : —0.5

0 19 -12 : —13.5
New Row>= Rowz/ a22

1 =2 3 : 2.5

0 1 -2 : —0.1

0 19 -—-12 : —13.5

New Rowi; = Row 1-al2 Row »

New Rows = Row 3- a32 Row 2




Solution of Simultancoug Lincar Algabraic Eguation

1 0 -1 : 2.3
0 1 -2 : —0.1

0 0 26 : —11.6
New Row 3=Row3/ a33

1 0 -1 1 2.3
0O 1 -2 : —0.1

0 O 1 : —0.44
New Row 1= Row 1-al13 Row 3

New Row 2= Row 2- a23 Row 3

0 1 0 :-098
0 0 1 :-044

X1=1.86, X,=-0.98, X3=-0.44

[1 0 O :1.86 ]

S sea o) e o dendll o Jall & JSLL aa) (e ) 1 dege AdaaD
cdall b elllia Jall sty paly Jall 8 dudhaia jue ad 2ga

1- PIVOTING (S )
Gl A e @llyy jhea o el cuiadl Aaill GOk aal e yiad

omts sl Ja QYA e dlld (5 . sgmall Jabaal dillas Aad 81 le
PARTIAL PIVOTING

EX4. By using partial pivoting, solve the following system
equation.

2X5-0

4X;+2 Xo+3X3--2




Solution of Simultancoug Lincar Algabraic Eguation

6X;+ X2-6X5-6

SOL.

0 2 0 0
4 2 3 i —2
6 1 -6 16

Gubt vie Y Jall (S Gauss elimination method 44 yhy Jall xie
New Row> = Rows - % Row |

(5Salaall a2 (51) a1 i ang 13 s (5 sy a1 ] e Y (S

Replace Rows by Row:
6 1 —6 : 6
4 2 3 : =2

0 2 0 : 0
PP | 3 9N | R R ANPGRS CEN T LIPR PN

2- Scaling (z )

Jaa DA e hadll E¥aledll de sene GOl Joaadl a0d% o) jal sa
GO lalaall A gane O laa (oS5 QL) Gany (A O Cua A5l e Leiadd
O5SE Cua Gl IS e g ySile Dlie A3glihe palia g ad ) dgdadl)
bl (8 eladl ) (g05 138 5 B (s AN 3 mS Bl ) GId S lilas

PN
3 2 1007][X1 105
-1 3 100||X2| =102
1 2 -111X3 2

To find the values of xi1, X2, X3 use Gauss elimination method
and use Techniques to improve the solution.

.Scaljngd.«:gﬁ\ﬁﬁwdﬁ\jﬁjﬁsh@g\ﬁj&eﬁqﬁ}\ikhﬁ




Solution of Simultancoug Lincar Algabraic Eguation

Caall v (g) AUl dai ,S) e Cioa JS Tand 5 Fulaall 534 3 gucilal
L2 e il Gaally 100 Gle S Caalls 5 100 e Y

0.03 0.02 1 : 1.05
—0.01 0.03 1 :1.02
0.5 1 -0.50 1

Use partial pivoting by replace Row1 by Row 3

0.5 1 —-05 i1
—0.01 0.03 1 : 1.02
0.03 0.02 1 : 1.05

To find X;, X2, X3 use Gauss elimination method

a2l
New Rowz2 = Row; - 1 Rowi

a3l
New Rows = Rows - — Row;

a1
0.5 1 —0.5 1
0 0.05 0.99 : 1.04
0 -0.04 1.03 :0.99

a32
New Rows = Rows - 3 Row»

0.5 1 —0.5 1
0 0.05 0.99 : 1.04
0 0 1.822 : 1.822

Use back substitution, X1=1, X>=1, X3=1
B-The indirect methods

e Jacob's method
e (Gauss seidel method

Note : In this method we have a sufficient condition for a
solution to be found to check the convergence which is




Solution of Simultancoug Lincar Algabraic Eguation

laii| > Y |aij| i=1,2,3----n, j#i
EX5. To check the convergence
5X1-2X+X3-4
X114 X5-2X3-3

X112 Xot4X5-17

Sol.

To check the convergence

5| > |-2|+|1]]| ——s 5>3

141 > 1] +[-2] —— 4>3

14 > [1]+[2] ——— 4>3

2o (e Aglasl) alad g ¥ aladll Jlagind cang Gl (Goa are Al i 1] Aasdl

DS ke e adind 3 jilha ) GOkl ;2 A

e Jacob’s method

xitt = (b1 —agx; — a13x§)/a11 _______ 1

x; = (b2 — azx] — a23x§)/a22 _______ 2

x5t = (b3 — az1x] — a32x£)/a33 _______ 3
Where:

r=0,1,2,3----n  (old value)

rt1 ——> (new value)




Solution of Simultancousg Lincar Algebraic Eguation

EX6. Solve the following set of linear equations using Jacob's
method.

8X1+X2-X3=8
X1 -7 Xo+2X3--4
2X1+ Xo+9X5-12
Sol.
To check the convergence
18l > 11|+ [-1] ———~  8>2

-7l > 1|+ |+2| ——— 7>3

91> 12| +|1] —— 9>3
s dall &l gad
Step 1. Assume X ;= Xo= X3= zero
Step 2. Sub. X, X2, X3 in equations 1,2,3
Step 3. In new iteration the values of X]*1 Xx7*1 x7T+1

r r T
Become X; ,X; ,X3

X1 .XJ o SOl Sl e deadiuall all G §=2 GG ) Sall ol )

xItl = (8 —1x, +x3)/
o= (- 4_951—29C3)/

it = (12 — 2x; — xz)/




Solution of Simultancoug Lincar Algabraic Eguation

Xt =1-0.125X% + 0.125X%
Xyt =0.571 + 0.143X] + 0.286X%

XI*1 =1.333 —0.222X7 — 0.111X?

r X1 X2 X3

0 0 0 0

1 1 0.571 1.333
2 1.095 1.095 1.048
3 0.994 1.027 0.969
4 0.993 0.990 0.998
5 1.001 0.998 1.003
6 1.001 1.001 1.000
7 1.000 1.000 1.000
8 1.000 1.000 1.000

Xi=1, X>=1, X5=1

e (Gauss seidel method

This method is a faster than Jacob's method.

XIH = (b1 — az,x5 — a13x§)/ _______ 1
a1

x§+1 = (b2 — a21xI“ - a23x§)/
22




Solution of Simultancoug Lincar Algabraic Eguation

x§+1 = (b3 — 61313C1rJr1 - a32x5+1)/a
33

EXY7. Solve the following set of linear equations using Gauss
Seidel method

5X1-2Xo+X3-4

X1+4 X5-2X3-3

X1+ 2Xo+4X5-17

Sol.

To check the convergence

15/ >[|-2|+[+1] ———> 5>3

4] > 1| +|-2] —— 4>3 convergence

14| > 1] + |2] —> 4>3

- dall &l ¢lad
x{"'lwd\;:\\J]:\thAé\.@_.bﬂj = 7ero

Casais X3= Zero O pasd ds¥) S & 2t Aad Al -2
2 dalas 8 AL 3 shadl) (e Lead jatial &5 il T+ dad e

xSl pmn el IR (e ) SE gl A Ul el A alagY -3
.3 ngtu‘;xg"‘l‘




Solution of Simultancoug Lincar Algabraic Eguation

Ll Gl S e &7 e e e e ¥ alacdl) GGalas il S8 JLSY -4
sl Jal sy 1360 5 43 Jan (5201 )il (ki (e 1 ad
el

xI*t1 = 0.8 + 0.4x5 — 0.2x3
x5t =0.75 — 0.25x7+1 + 0.5x%

x5t =425 —0.25x]*t — 0.5x5 11

r X1 X2 X3

0 0.8 0.55 3.775
1 0.265 2.571 2.898
2 1.249 1.887 2.994
3 0.956 2.008 3.007
4 1.002 2.003 2.998
5 0.999 2.000 3.000
6 1.000 2.000 3.000

Xi=1,X=2, X3=3




Curve _fitting

Chapter Three

Curve Fitting

dallea ) bl LS YEN IS Aalill cUadW) dalles 9 &}n@}d\ 22 (ya ud)lj‘
g yal) TG ) ail o3 s Jyond] e arm 5 120 A0 k) il

o Linear Regression hall jlaasyl))

Y'=aptaix ... 1

d: division asisall ball e Llasll jlasi) Jiag
d=Y-Y'

d=Y- ap-aix

di=Y1- Y1

d=Y2- Y2

dm=Ym- Ym'

O 51 OSae 81l jai¥) s Laie (5 il Jumdl ) 1] aadla

OSale B ((dm...... d>,d1)




Curve _fitting

O\éd\éﬂ;ﬁﬁi@\kﬂ\&:a\é\ﬁwah &Wdﬁ\mz&am
Fulls )yt o3 e ()55 28 Y Glld jaia (s sl el ) (s
QE)MY\@M&}AM@JAJ;\J\JL;}Aj

S=Ym d*={"-ay—ax)? w2

Jalil) ¢ al JA (e ay ¢ g o Sl 58 Joadll 138 3 agdl) : 3 Alaale
. )s..al\ é\ Y alall 3‘}1.».\.4} al ¢ ao é‘ Mh L”?;’)Aj\

0

ﬁ =-2 Z?Q(Yi —ap—a;x) =0 w3
0

:TS= —2Yi=1(Vi—ag—a;x)x =0 S
1

Rearrange equation (3) & (4)
—2)y;+2)ay+ 2a; )Y x; =0 Divided by 2

LY =mag+ XX a4 5
Also eq. 4

(=2Xyi+2Xap+2Ya;x)x; =0

=2 yix; +2Y apx; + 2Y a;x? = 0 Divided by 2

YVixi =X agx; + X ag xf 6

Note :

m : number of points

E ao == mao




Curve _fitting

by solution equations (5) &(6) by Gauss-elimination method

a _ 2y xi B X
0 my x?—(% x;)?

a =m2xiyi_zxiyi
L7 myx?-xp)?

Ex1. Use linear regression to fit the following experimental

data.
X 1 3 4 6 8 11 14
y 1 2 4 4 5 8 9

The linear regression
y =ag+ax
To find ap <ai

. Xy nxf - T Xy
" mYxt-Cx)?

MY XY — NXVi
Y o



osama
Highlight
sum Xi *sumYi

osama
Note
sum Xi *sumYi


Curve _fitting

i Xi Vi Xi XiYi
1 1 1 1 1

2 3 2 9 6

3 4 4 16 16
4 6 4 36 24
5 8 5 64 40
6 9 7 81 63
7 11 8 121 88
8 14 9 196 126

in:56 Zyi=40 zxi22524 inyi=364

40524 —56+364 6

=gy 524 - (562 11
| 8%524-56%40 7
M= gu524— (562 11

_6.7

T

Application of Linear Reqgression:

Lalad) oy A8Mall o) Lalaill o S Al AL o salll 2y (3 5kl (any clllia
(Sana e Al jlaai¥l G 1A el e A8




Curve _fitting

e Exponential equation :

y = qge*x 9
ookl In AU Audad A8 ) QMJIMLJ:'M%L

Iny=Inay+a;x

: Linear Regression g 43 laall 2ic

ma0+ina1 :zyi
zaoxi+za1xi2 =zyixi

- DY) Tsall ) Y oleall 5l frga

mlnay + ), x; a; = ) Iny; 10
Ylnayx; + ¥ a, x* = Y Iny; x; 11

EX. 2 The following data were plotted and show to exhibit
behavior that described by the function y = age®1x

Evaluate the unknown ao, a.

X I 125 1.5 |1.75) 2

y [51]579]6.53]7.45] 8.46

Sol.

Iny=Inay+a;x

mlna, + z X;aq = z Iny;




Curve _fitting

m=>5
i X; Vi Iny; x> x; Iny;
1 1 5.1 1.6292 1 1.6292
2 1.25 5.79 1.7561 1.5625 2.195

3 1.5 6.53 1.8764 2.2500 2.814

4 1.75 7.45 2.0082 3.0625 3.514

2 . : :
z 7.5 z 33.3 Z 9.405 Z 11.875 Z 14.422

5In agp + 7.5a1 = 9.405
7.5Inay + 11.875a, = 14.4222

Use Gauss-elimination method
a, = 0.5035

Ina, = 1.1257
Iny=Inay+a,x

Iny =1.1257 + 0.5035x

y = 3.082 ¢05035%




Curve _fitting

Power equation :

y = agx®
okl [og 33U afive Jad I Asbadl) Jysais s

logy =logagy + a; logx

ma0+2xia1 :Zyl'
Zaoxi+2a1xi2 :Z}’ixi

mlogag, + z a; logx; = zlog)’i
z log x;a, + Z(log x;)?a; = z log x; logy;

ialal) Hapall

Ex.3 Fit the data in the following table using logarithmic
transformation of the data.

x |4 43 |45 |47 |5 55 |6 6.3 68|72

y 103 |11.5(13 |143]16.5]19.5(22.5125.5]30 |33

Sol.
y = agx®

logy =logay + a; logx

mlogag, + Z a, logx; = ZIOgyl-




Curve _fitting

z logx;ay + z (log x;)%a, = Z log x; log y;

i x| v log x; log y; (logx)? |logx;logy;
1| 4 [ 103 ] 0.6021 1.0128 0.3624
2 | 43 [ 115 | 0.6355 1.0607 | 0.40128
3145 13 | 06532 1.1139 0.4266
447 [ 143 | 0.6720 1.1553 0.4517
51 5 [ 165 0.6989 1.2174 0.4885
6 | 55| 195 | 0.7403 1.2900 0.5481
71 6 | 225 | 0.7781 1.3521 0.6055
8 | 63 | 255 | 0.7993 1.4065 0.6389
9 | 68 | 30 | 08325 1.4771 0.6930
10| 72| 33 | 08573 1.5185 0.7350
27.2675 212.6047 25.3512 29.300

10logag +7.2675a,; = 12.6047
7.2675logay + 5.3514a, = 9.300

Use Gauss-elimination method

10

New Row 2= Row 2- % Row 1

7.2675 12.6047

7.2675 5.3514 9.300




[10 7.2675 12.6047
0 0.06974 0.13953

a1 = 2.0007

logay, = —0.19303
ao= 0.824

y = 0.824 X2907

Curve _Fitting
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Polynomial Regression:

y=ag+ax+ax?—— —— +a,x"

ma0+a12xi+a22xi2 +---+an2x”=2yi
aOin+alzxi2 +a22xi3 + - +an2x"+1 =Zyixi
aOinz +alzxi3 +a22xi4 +---+an2x"+2 =Zyixi2

second order A 3

m Y X;
Yx Xxt [%][Z}y X
> x DI Xy«

Jualaadl jan aValaall 2e S5 ) o - ddaada

EX. 4 Fit a second order polynomial to the data in the following
table .

x (1 (2 (3 14 |5 |6 |7 |8 |9 |10

y |8 |22 |29 |32 |42 |42 |47 |54 |56 |58

Sol.

10




Curve _fitting

Al Aa Hall (e 2 52al) aaxis 5l ) second order J)sedl & 83 : ddaadla

n=2 o) g
ma0+alzxi+azzx2i+---+an2x"=2yi
aozxi+alzxi2 +a22xi3 +---+anzx"+1=2yixi
aozxiz +alzxi3 +a22xi4 +---+an2x"+2 =Zyixi2

m= 10,in=55,2yi= 390,in2 = 385,

zxi3 = 3025 ,zxﬁ — 25333 ,Zyi x; = 2574,

Zyi x? = 19526

10a, + 55a; + 385a, = 390

55a, + 385a, + 3025a, = 2574

385a, + 3025a; + 25333a, = 19526

Use Gauss-elimination method

ap,=17333 , a;=9.5333 ,a, =-0.3939
y =ag+ a1 x + a,x?

y = 1.7333 + 9.5333x — 0.3939x2

11




Chapter four

Interpolation

e Linear Interpolation:

Cpidady fpu ddads ) Al o JLSEWY) (e &).'d\ KT

Find the slope of curve

Ay _ f(x1)—f(xo)

Ax X1—Xo

Slope = tan(0) =

Slope between (Xo , x1) equal Slope between (Xo ,X)

f(x1)—f (x0) _ Fx)—f(xg)_

X1—Xo X—Xg

But x; —xp=h and x=x7+uh ----—-------oe——-- 2

Sub.21n 1



f(x1)—f (x0) _ Fx)—f(xg)_

h uh T 3
f(x) = f(xo) +ulf(x1) — f(xp)]------------m-mmmm o om- 4
f(X) — f(xo) + UAf(xo) -----------------------------------
Or:

f(x) = fo + uAfg-—--m-mmmmmmm e 7
Note :

Afo = f1— fo = f(x1) — f(x0)
Afy = fo— fi=f(x2) — f(x1)

Ex.1 For the following table find the value of
In 9.2 using Linear Interpolation .

x  f(x)=In(x)
9.0 2.1972
9.5 22512
10.0 2.3026



Sol.
f(x) = fo +ulfy

To find u

Xx=Xg+uh ,h=x;—x
X — X = u(x1 — xp)

X = Xg _9.2—9.0_04
YT —x, 95-90

In9.2 =In9.0 + 0.4[In9.5 — In9.0] = 2.219

e Quadratic Interpolation:

JSiay) 138 I Ll Lagin ddads 5!

u(u-1)

f(x) = fo +ulfy + o R R 8

A*fo = A(Af) = Af; — Afo
A fo =AW = (2~ f) = (fi = fo)
Afo=AAf)=fo—2fi+fo



Ex.2 For the following table find the value of In 9.2
when In10.0 is considered.

x  f(x)=(x)
9.0 2.1972
9.5 2.2512
10.0 2.3026

Sol.

f(x) = fo +ulfy + u(uz—!_l)Azfo

To find u
Xx=Xg+uh ,h=x;—x
X = xo = u(xy — xo)

_x—=%xy 92-90 _
YT —x, 95-90

Xo =9.0

0.4

X1:9.5
X>=10.0



04(04-1
f(9.2) = 21972 4+ 0.4(2.2512 — 2.197) + ( 1 )

+[2.3026 — 2(2.251 + 2.1972)] = 2.192

e Newton forward and backward interpolation formula

° Newton forward interpolation formula:

¢ A\ 3axs (forward difference) ey (35 8l e 45 Hlall sda adia’
Al AZf ARE A g Af I Al ld @Al Ga g Cus
JXa 5 A3 F 230N

Afo=fi—fo
Mi=fa—h
Af = fs = f2
Afn = fre1 — Jn

A*fo = A(Af) = Afy — Afq

Afo = AAf) = (fz — f1) — (fL — fo)
Afo=AAf) = f —2f1 + fo

A*fi = A(Af) = Af, — Afy



Afi=ADf) =f3-2f+fi

Table of forward differences

x F(x) A A? A
Xo —Fo
i —y -
X1 f1 E\Lfo\
Afy Ay

X2 f2 A fy

Af, 2°f;
X3 f3 A*f,

Afs
X4 fa

@\L‘;:\J}@Aﬂ\eﬁj\um@)ﬂ\o& edi:md: 1 Adaadla
Jsaall,

) el s x dad g AN (5SH O Akl p3gn b yidy ¢ 2 Adaala
h= constantis sbuia Ll

The Relation of Newton forward interpolation:

2
f@) = fo+Zru+

3
Y ) R 7

]'cou(u— 1) +



h: Al dha 4l
X+ 4 ggnall ol

Xo 1 Ul sl o Lol ) Aol

Ex.3 Construct Newton forward interpolation on the
interval (3.5-----3.7) for the function (y=e*) using h= 0.05
X 3.5 3.55 3.6 3.65 3.7
y=e* 33.115 34.813 36.598 38.457 40.44
Sol.
X f(x) A A? A3
3.5 33.115
1.698
3.55 34.813 0.087
1.785 0.005
3.60 36.598 0.092
1.877 0.003
3.65 38.457 0.095
1.972
3.7 40.447
Af AZf, A3f
fx)=fy+ 1—!°u + Tou(u -1+ S!Ou(u —D(u-—
2) + — — e 1

_x—x9 x—35

u =

h

0.05




0.05u =x-3.5

u=i(x—3.5)

0.05
U= 20(X-3.5) === 2
Sub.(2)in (1).
f(x) = 33.115 + 1.698 * 20(x — 3.5) + = (20(x —
3.5)(20(x — 3.5) — 1)) + == (20(x — 3.5)(20(x — 3.5) —
1)(20(x — 3.5) = 1) — 2)) =--meemmmemmmeee 3

U sean X ald O 5 (e JLaSinY Lgdndat (Say Aalaa & (3) Aalas ; ddaaDla
O 3¢ 3.5 G Al geaall daiall CulS o1 DG | Laalag) o jell Aaal) dasy o1 45Y
gl el oo i (3) Ailan b Lo st ISRV

Ex.4 The following data from steam table :

T (C°) 140 150 160 170 180
P (N/em®) | 3.685 4.854 6.302 8.076 10.225
Find the pressure of the steam for a temperature 142 C°

Sol.




T (C°) P (N/cm?) A A2 A3 A%
140 3.685
1.169
150 4.854 0.279
1.448 0.047
160 6.302 0.326 0.002
1.774 0.049
170 8.076 0.375
2.149
180 10.225

fx)=fy +%u+A2—f°u(u— 1) +A3f°u(u— 1) (u—

2! 3!
2) A I
_x—x_142-140
e T
p(142) = 3.685 + =2 (0.2) +==-0.2(02 — 1) +
0.047 . 0.002.

—0.2(0.2 - 1)(0.2 — 2) + =_=0.2(0.2 — 1)(0.2 —
2)(0.2 — 3) = 3.898

° Newton backward interpolation formula:

<V & Jans (backward difference) 4alall (55,8l e 48 Hhall 038 adiad
A5l VAFARENAS N5 ¢ VYA N b 554l Je s Cua
JXa 5 73 F A3



Vii=fi—fo

Vio = fo = f-1

Vfa = fo = fas

Ve fu = V() =V — Vi

Vifa = V) = fo = 2fn-1 + faa

Vofu = V(V2f) = fu = 3fu-1+ 3fn-2 — fn-3

Table of backward differences

X f(x) \Y v? V3
X0 fo

Vfi
X1 fi VS,

Vf, Vi1
X2 f2 V*fs

Vfs VT,
X3 fs V2
— 2 VE—]

X4 — fr
Jsaall Jaul 8 4 seaall daill S 130 46y ylall o2a aadin ; ddaadla

h= constant 5% o)) b yidy

10



The Relation of Newton forward interpolation:

Vf, V2f,
f(x)=fo +1—!°u+ Z!Ou(u+ 1) +

V3fo
Tu(u+1)(u+2)+ T T mTmmmmmmmmmmmmmmmmmmomsmmmmmee e 8
h: Al dha 4l
X 1 A sl dagll
X :  DUaall Hluall s laaay Al dall

X — Xp
u =

h

Ex. 5 Given the following function y = log;o x .Find

by using y = log;¢(1044) for x(1000---1050) , h=10
interpolation method .

X y = log,o x \Y V2 V3 vt
1000 3.0000
0.00432
1010 3.00432 -0.000426
0.004278 0.0008
1020 3.00860 -0.000418 0.0001
0.00423 0.0009
1030 3.01283 -0.000409 0
0.00419 0.0009
1040 3.017033 -0.000401
0.00415
1050 3.021189

11



X~ X _ 1044 — 1050

u= . 10 = —0.6
f(x) = fo + Vfo u(u +
D (u+ 2) +

f(logqo1044)

= 3.021189 +

—0.000401

2!
0.0009

0.00415
T (—0.6)

(=0.6)(—0.6 +1)

+ (—0.6)(—0.6+1)(—0.6 +2)

n ( 0.6)(—=0.6 + 1)(—0.6 + 2)(—0.6
+3) = 3.01887

Lagrange interpolation formula

Liaa Ak wic 41 gganal) Adfal) alag¥ 45, jhal) o2a asdiiei 3 Adaadka
h# constant 43 sluia & Lagiy Adlual) 585 LT dpuilly

LX) = LX)y, + Ly(X)y, + L3(X)ys + La(X)ys + — — Ly (X)yp------- 9

(x —x)(x —x3)(x —x4) — —
(1 — x2) (1 — x3)(xg — x4) — —

1 (x) =

L(x) = (x —x)(x — x3)(x — x4) — —

(22 —x1) (% —x3) (X — x4) — —

12



(x —x)(x — x2)(x — x4) — —
(23 — x1)(x3 — x2) (X3 — x4) — —

I3(x) =

(x —x)(x — x3)(x — x3) — —
(g —x1) (g — x2) (x4 — x3) — —

l,(x) =

ol B el S8 Llai 6 (e il e Jgaa ) bl 6 Lol IS ddaa e
2 g 7 5 ke Lldill dae (g gban (ul BYI 230 Gl (o) laall 3l B ek g Jasall

Ex. 6 If y(1)=12, y(2)=15, y(5)=25, y(6)=30 find the value of
y(4)=?

Sol.

LX) = LX)y, + LX)y, + L3(X)y3 + La(X)ys + — — Ly () yy

_(x=2)(x-5)(x—-6) (x —1)(x —5)(x — 6)

YW=y PP o
(x—Dx—-2)(x—6) (x—D(x—-2)(x—-05)
ooy Pt men . GV

13



y(4) = —24+75+25—-9=21.1

Inverse Lagrange interpolation:

Jall S y=f(x) Slamally X AL ggaall dagll) (o< Uia 3 ABiadka
X duy JIab Oy Bbed) i sla) uddy

Ex.7 Suppose a curve passes through the points

(0,-4),(0.6,-3.64),(1,-3). Find the value of x when f(x)=y= -3.5

x |0 0.6 1
y |4 364 |3

Sol.

_ O —y)y —ys) & -y —ys)

1 —y2)1 — ¥3) () + V2 =y 2 —y3)

V-y)@—y2)
* vz —y1)(yz —¥2) (x3)

(x2)

14



_(y+364)(y+3) 0) + v+ +3)

— (=0.63)(-1) (0.36)(—0.64)
(y+4)(y +3.64) 1

(1)(0.64)

(0.6)

X=0+0.651+0.109=0.76

15



Numerical Differentiation & Integration

Chapter Five

Numerical Differentiation and Integration

Numerical Differentiation:

a ) comemy ) ANAD A AlagY (s20a)) Jualil) nkiine ; Adaale
RN AT

1- Numerical Differentiation by Newton forward formula:

A % A3
f(x)=fo +%u +T]:°u(u -1+ 3{°u(u - D(u-—
2) + — — -1
u :x—xo __2
h

X o A ] Aalee Jialds (a j2l

d
y _ dy N du -3
dx du dx

2 3
L=0+ay+2Qu-D+2Gul-6u+2)-—— -4

du
du
---5

1
dx h



Numerical Differentiation & Integration

X — Xg
YT
X X
L= R
du 1
dx h
Zic] ;[Ay+—(2u—1)+—(3u —6u+2)]--

A B e 6 Aalae Gik Al ABdA o)) Alla b

dx? dx

d’y d (dy) d dy du
— ()
dx du dx dx

d’y d (dy) 1

dx2 duldx/h

d? alfrl A?

Dy = Loy + 22 u- 1) + 52 (Bu? — bu +2)] + - -
_____ ] -7
d2y d 1 A%y Ny
dxz—duhzlAy-l‘T(zu—l)'i-T(?)u —6u+2)]



Numerical Differentiation & Integration

d2y 1 [a%y A3y

- 2[ a (2)+T(12u—6)+———]

dzy_ 1 AZ 3

@—? y+A y(u—1)+——— --8

83 93 5o X Aad g1) 0S5 8 ¢ 6 Aalaa (B X=X e Y=0 Ula i ; ddaadl

(Jsaal) 4
dy 1 A%y A3y Aty
E_E[Ay+2+3_4+___] =9
dz—y—i[AZ — A3y 4+ = Aty — 2278 ———] ---10
dx? 2 y yrnaVy sty
EX.1 Given the following table
X 1 1.5 2 2.5 3
y 1.729 1.691 1.505 1.416 1.311

Find v (1.5), y"(1.5)?

Sol:

Agisiall Alagl o yall el ¥ Newton forward  pasews ; ddaadl
Jsaall ol A el




Numerical Differentiation & Integration

X f(x) A A? A3 A*
1.0 1.729
-0.038
1.5 1.691 -0.148
-0.186 0.245
2.0 1.505 0.097 -0.358
-0.089 -0.113
2.5 1.416 -0.016
-0.105
3.0 1.311

1
y'(1.5) = [Ay +

10¢ 9 Aalaa padinsd 1A J ool (pania 33 5 g 4 (1.5) ) L3l

A? A3 A*
y Ay Ay
3 4
11
Z[A Y- A33’+EA4}’——ASY———]

h=0.5,Ay = —0.186,A%y = 0.097,A3y = 0.113

y'(15) = —[-0.186 -
1

y (1.5) =

(0.5)2

0. 097

0.113

2

[0.097 — (—0.113)] = 0.84

] -0.5443




Numerical Differentiation & Integration
2- Numerical Differentiation by Newton Backward Formula:

FG) = fot+ Lut+ Doy + 1)
2) + — -

X A | Aalea Jiialdi a2l
dy dy du

--13
dx du dx
2= 0+Vy +—(2 +1)+—y(3u +6u+2)——-—-14
du 1
uw_1 —--15
dx h
dy 1

— h[Vy+—(2u+1)+—(3u +6u+2)] --

A B e 16 Aalae (i Al AEial o)) Alls 3



Numerical Differentiation & Integration

dzy d (dy) d dy du

= )
dx? dx \dx du dx dx

d’y _d (dy)l
dx?2 duldx/h
d? alrl V2
o= h[Vy+ y(2u+1)+ y(3u +6u+2)]+——
_____ ] --17
d?y d 1 v2y v3y
X dum? Vy+—(2u+1)+—(3u + 6u+2) + ]
d? 1 [v2y V3y
2 = [ (m+——{uu+6y+———]
dx 2
h
d2 1 [2
d—x§=?[v y+A3y(u+1)+———] --18

8393 50 X dad (g)) 58 8 ¢« 6 Ualaa B X=X 2e y=0 Ua A : il
(sl A
Viy

1 VZy
_H[Vy-l_ 2 T 3 T 4

+-——| 19

d%y
dx?

1 [g2 3. 11 o4 10
—?[V y+Vy+EVy+EVy———] ---20
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EX.2 Find y'(5), y"(5) from the following table

X 0.0 1 2 3 4 5
y 0.0 2.5 85 | 155 245 36.5
Sol:
Lo Agisiall slagl o yall dasll Y Newton backward — aais ; daadla
Jsaall 4l
X f(x) 1% V2 V3 vt &
0 0
2.5
1 2.5 3.5
6 -2.5
2 8.5 1 3.5
7 1 -3.5
3 15.5 2 0
9 1
4 24.5 3
12
5 36.5




Numerical Differentiation & Integration

' 1 Viy V3y Viy
y(S.O)—E[Vy+ > + 3 + 2 +-—-

3 1 ~3.5
y'(5.0) = 1 [12 +5+5+0 +T] = 13.13

. 1 o2 11 10
y vy (5.0) =—[V V+Vy+ - Viy+—Vy———
h2 12 12

(5.0) =13+ 1+5(0) + 1 (-3.5)|=1.083

3- Numerical Differentiation by using Lagrange
Interpolation Formula:

Lima 4daks die 4 ggaal) A0 Mo 48, jhal) o addiead 3 A3adla
h# constant 4 sluda p& Laghy d8lucall 985 Lal8i Ayl

LX) = Li(X)y1 + L (X)y2 + L3(X)y3 + Ly ys + — — LX)y 21

(x —x2)(x —x3)(x —x4) — —

) = G )t ) G —x) — =
L(x) = (c —x1)(x — x3)(x — x4) — —
2 (2 —x1) (X2 —x3) (X3 — x4) — —
L (x) = (x —x)(x — x)(x — x4) — —
’ (23 —x1)(x3 — x2) (X3 — x4) — —
L,(x) = (x —x)(x — x)(x — x3) — —

(g —x1) (g — x) (x4 — x3) — —



Numerical Differentiation & Integration

(x=xi_1)(x—Xj;11)
(xi=xi—1) (Xi—=Xi4+1)

_ e=xp)(x—xi41)
f(x) - (xj—1=x)) (Xj—1—Xi+1)
(x—xi_1)(x—x;)
L f(xiv1)

(Xip1—Xi—1) (Xjp1—X;)

flxi—1) + flx) +

X(l) """""" Xi-1
X(2)----------- Xi
X(3) """""" Xi+1

2X=Xi=Xi41 2X—Xi—1=Xit1

V') = ] Dt G S GO
ZHATL (57,4 ) memmemeeeenen e e 23

(Xip1—xi—1)(Xip1—Xi)

EX. 3 Find the first derivative of the function tabulated below
at point 1.5 .

9

X 1.2 1.5 1.7
y 0.1823 = 0.4055 | 0.5306
Sol.
N 2X — X;j — Xi1q
y(x) = (xi-1 = %) (X1 — Xi41) fxiza)
n 2X — Xj—1 — Xi41 (x,)
(g — %21 (x; — xl+1)f :
2X — Xj_1 —
i (Xi41 — Xi— 1)(x1+1 f(xlﬂ)



Numerical Differentiation & Integration

2(1.5) — 1.5 — 1.7
C03)(—05) (0.1823)
2(1.5)—1.2 — 1.7
(0.3)(—0.2)
2(1.5) — 1.2 — 1.
(0.5)(0.2)

y'(x) =

(0.4055)

5
(0.5306) = 0.6729

Integration Methods

O F(X) A1l JolSal sy il Fal) sl &y ylall o3 andind ; daadle

a------- b e Jadl
b
I = j f(x)dx
a
y
y=1f(x)
T
, e a =ty "».__}' +l
2 73 i
Ay 1“‘;2&3“ o
x=4a x=h
Jall C'_i\)la;

10



Numerical Differentiation & Integration

ALY B—— b (e Jlaall &5 a8 2 Aaiall st dalial) Clus a3l -]
h s st Wie OS Jsha ¢ ) sla¥) 4 slasia =00 4

h= -1

a: daall 4l
bl Al
N : 8l dae

Clua Kay Al g capaiall and IG5 M Aay 4 IS o Adaadla Sy -2
i yaiall 4 sac il 1  Lgiale

1
Ay =5 (% + ¥)h 2
1
A, = E(Yz + Y3)h
1

X=D« X:auyjkf\;.\d\t"_\aﬁc_)w\@q)sﬂ\ ‘\:\N\:\Aw\uw_?)
PRIV FGIEN JUHENIVON [ VEUN DENE L BN

Atotal = A1+ A, + A3+ A, + — — A, ———-3

1 1 1
Atotal = 5 (Y1 +Y2)h + > (Y2 +Y3)h + > Yz + Y, )h + —

1
— =5 (Y, +Yo)h ————4

11



Numerical Differentiation & Integration

h
Atotal = E(Yl + 2Y2 + 2Y3 + 2Y4 i - = _ZYn
+ Ye) ——-5

e Gl LS gl |z al ae e 48 Hlall sda 8 48411 adiat ; ddaaSla
A Ll g A8al) G ) )

EX. 4 Evaluate to find [ 1i§2

rule, where the interval (0, 1) is sub-divided into (6) equal part

decimal places by Trapezoidal

Sol.
b h
I = f f(x)dx = E(Y1 +2Y, + 2V, +2Y, + — — =2Y, + Y, 1)
N=6
p_b—a_1-0_1
== =
1
flx) =

1+ x2

12



13

Numerical Diffrentiation & nfegration.

-4Jaa D

Xo+h Jiad X dad 5 yiall e Jiad Xg=1 dasd ¢ 5l Aoy Jiai Xp=0 4w
1S4

1
1+x2

y=f(x) =

1+ x2 ~ 6
+ 0.5901) + 0.5] = 0.7842

T dx 1
f [1+ 2(0.9729 + 0.9 + 0.80 + 0.6923
0

2-Simpson rule (1/3):

Z A e oag) e Al 844 Hhll ol aadiud ; AdaaDl

13



Numerical Differentiation & Integration
s 3aa) gl daliwall aluald

h
A= 3 [vo + 4y, + -] -1

A2e 3 ga g callaty 1A sy 33 0 a g bl 3as] o) Aalical) Cliaad : 4dasSla
BJJI;SA@\)&X\@.JA u;ﬁu\jaﬁqjﬂhw\:\:\muw?‘ﬂ\wg’éj‘)
A sbudia (5 AT 5 gyl (o Adliall

Arotar = A1+ A+ A3+ ———— A4,

b
I = j f(x)dx = Arota
a

b—a

h =
N

a: Jaall oy

b el 4l

N : gl dll axe

I'= f:f(x)dx = Arotar = g[}’o +4y; +y,] + % [y +4ys +

h
Vsl + 3 [Vn—2 + 4Vn_1 + ¥nl --2

b h
I'=[ fl)dx = Aot = o +40 +y3 +ys) +
2(y2 + ¥a) + el ---3

14



Numerical Differentiation & Integration

EX. 5 Evaluate to find fol 1?};

rule, where the interval (0, 1) is sub-divided into (6) equal part

decimal places by Simpsons

Sol.

h h
=[] f)dx =2[y, + 4y, + ¥, +5[y, + 4y, +y,] +

h
§[yn—2+4yn—1+yn]

N=6
h_b—a_l—O_l
=~ ¢ =

X 0 1/6 2/6 | 3/6 4/6 5/6 6/6=1

y=f(x) = L 1 0.9729 [ 0.90 | 0.80 |0.6923 |0.5901 | 0.50
1+x2
1/6
I = =3 [1+4(0.97297 + 0.8 + 0.59016) + 2(0.9 + 0.6923)
+0.5] = 0.7853

3-Simpson rule (3/8):
AN e a8 2ae Alls A 4G Hhal) sda aaddld ; ]4daadl

238 a5 (AL ()0 (3) (Ao Al Jity ST 80 50 dae IS13): 24daa Dl
A3kl

3h
1=2(yy+3y, +3y, +¥3) + (v, + 3y, + 3y +¥6)] -4

15



EX. 6 use Simpson’s rule (3/8) to find fol x* considering 6

strips

Sol.

Numerical Differentiation & Integration

0 1/6

216

3/6

4/6

5/6

6/6=1

X
y=f(x) = x* 0 | 0.00077

0.01234

0.0625

0.1975

0.4822

1.0

3h
12?[(3’0+33’1 +3y,+y3)+ (y;+3y, + 3y +

v6)]=0.200224

4- Integration with unequal Segments:

&J;\)@ﬂ&ﬁ%}@ﬁhﬁb@hﬁ#\aMeM&am

| = hl f(x1)';f(xo) + hz fx2)+f(xq1) +

2

hn f(xn)'i'g(xn—l)

16




Numerical Differentiation & Integration

EX. 7 Use Trapezoidal rule to determine the integral of data in
the following table.

X F(x)

0.0 0.2000 " i
012 | 1.3097 | e
0.22 | 1.3052 38rule; |
0.32 | 1.74332 I
040 | 2.4560 BEINEN
0.44 2.8430 | SRS
0.54 | 3.5073 RN A
0.64 3.1819 I N N P
0.70 2.3630
0.80 2.3200

Sol.

f(xy) + f(xo) +h flx2) + f(x1)
2 2 2
h fOen) + f(xn-1)
n 2

1.3097 + 0.2 1.3052 + 1.3097

> + 0.1 >
1 1.74332 + 1.3052 2.0749 + 1.74332

+ 0.04
2 2

2.4560 + 2.0749 2.843 + 2.4560
+ 0.04 + 0.04

2 ' 2
3.5073 + 2.8430 3.1819 + 3.5073
0.1 > + 0.1 >
2.3630 + 3.1819 0.1 2.3200 + 2.3630

+ 0.
2 2

I=h1

[ =0.12

+ 0.06
= 1.5648

17



X F(x)
0.0 0.2000
0.12 1.3097
0.22 1.3052
0.32 1.74332
0.36 2.0749
0.40 2.4560
0.44 2.8430
0.54 3.5073
0.64 3.1819
0.70 2.3630
0.80 2.3200

Numerical Differentiation & Integration

Y 1/3rule

2/8rule |
: ;

1:3rule - |

A Al Bl Q) Ja e s A

cdalldgy o gl aasy Al 13 La gad

g,y Jas 9 e h=constant 4l 4ulll 4~ )il -

Simpson’s rule (1/3)

Ja3 (s34 2ae 5 h=constant Ly Al 5 dualall 5 dal Hll &80 4l -
Simpson’s rule (3/8) 4&
Simpson’s rule (1/3) Ja3 7¢8 I &l -

18

Trapezoidal J=39 4y )3l -

Trapezoidal dai 10 ds 3



Numerical Differentiation & Integration

0.12
L =4,= T(O.ZOO + 1.3097) = 0.09058

0.1
I, =4, = ?(1.3097 + 4(1.3052) + 1.7432) = 0.2785

3 0.04
Iy = Ay = —5— (179332 + 3(2.0749 + 2.456)

+ 2.843) = 0.27268

0.1
Iy = Ay = — (2.843 + 4(3.5073) + 3.1819) = 0.66847

0.06
Is = A5 = 7(3.1819 + 2.3630) = 0.166347

0.1
le = Ag = —- (23630 + 2.3200) = 0.2341

Itotal = 11 + 12 + 13 + 14 + 15 + 16 == 170797

19



Solution of Ordinary Differential Equations

Chapter six

Solution of ordinary differential equations

1- Euler method
2- Range Kutta method

Euler’s simple method:

O Cua ddalialaill aaYaleal) Jad 40ael) 3 kall Jacs) (e 48y Hlall 038 yiad
h@ﬁ&\bﬁd@&\#é\&@\w\d@ pali e Adiay Ja)

Jall Ay ‘_;UAM dall cUac ) ‘_;:: SJJG P :\L“‘)H\ 538 yuiad -41aa S
.(exact solution) msall Jsiall e (522l

YA )
Slope

Slope  Slope  f(x,,y,
f (xﬂ,}'“) f (1“-\-1)




Solution of Ordinary Differential Equations

- Jadl C'_a\jk';
RN ETIO I
Yre1 = Yr T hy'(xr: Vr) --1

r=0,1,2,3,4-—----n

2 Blanall B.C 45V adl) (523 JUA (e da and =0 e -2
1 Aol & Jl )

S X1=Xoth 5 y1 4l Gasgidie =] die y; 3uaall yad aai 3

Jsedl Sldae can sy el A1 gl el 13S0 5 ] Alilas
A g i Ls

EX.1 Use Euler’s simple method to obtain an approximate
numerical solution of ordinary differential equation.

dy , 5 1
i — 4y — —
dx y X° + 4x >
B.C X=0 y=4
For x=0 (0.05) 0.25 (2D)
Sol.

First value of x =0, last value of x =0.25, h=0.05

Yr41 = Yr + hy'(xr:yr)
At x0=0, yo=4 , =0

1
Y1 =Yoot h(x(z) + 4x — Eyo)



Solution of Ordinary Differential Equations

Y1 =4+005(0+0—7%4)=39

At x1=0+0.05=0.05, y1=3.9 ,r=1

1
Y2 =y1+h(xi +4x1 -5y

y2 = 3.9 +0.05(0.05% + 4 % 0.05 — 5 * 3.9)=3.81

At x0=0.1, y>=3.81 , r=2

5 1
Y3 = Y2 + h(x3 +4x2 — E)’z)

2 1

y3 =3.814+0.05(0.1"+40.1— 5 * 3.81 | = 3.73
At x3=0.15, y3=3.73 , r=3

5 1
Ya =y3 +h(x3+ 4x3 — EY3)

2 1

v+ = 3.73 + 0.05 <0.15 + 4 %0.15 — 5 * 3.73) = 3.67
At x4=0.2, y3=3.67 , r=4

5 1
Ys = Ya + h(xg + 4x4 — 23’4)

1
Ys = 3.67 + 0.05 <o.22 +4%0.2 5 3.67) = 3.62

At x5=0.25, ys=3.62 , r=5

1
Yo = ¥s + h(xs + 4x5 = 5 ¥5)



Solution of Ordinary Differential Equations

1
Y6 = 3.62 + 0.05 <O.252 + 4 % 0.25 — 5% 3.62) = 3.59

r X y
0 0 4

1] 0.05 3.9
2| 0.1 3.73
3] 0.15 3.67
41 0.2 3.62
5] 0.25 3.59

Euler’s Modified method(Trapezoidal method):
- Jall C'_a\jk';

e T P IPRES A R VRO BN e |

When r=0

yi =y + hy (xr, ¥p)

Vi = Yo + hy (x0,¥0) 2
When r=1
h ! )
i =yo+ 5 (x0,¥0) + ¥ (x1,71)°] - —-3

2 Adalae ml (e gagad 3 Adlas Ay dad ; ddaadla

When r=2



Solution of Ordinary Differential Equations

h . .
i = Yo +5 [y (o, y0) +y (x1,¥1)] ———4
Al O g (pal 1388 5 3 Aalae mU (e agad 4 Adlas Ay dad ; ddaadla
yi

138 5 ¢ o dal g (pal oDle) il shadll iy yy Baaall yoadasi D
JUall 8 LS Il Clihaze o sy 4ad A Il Jsea ) (pad
At
DS die yo Al (oA S Chgu S il y Aed Byaad) dad i 2ie 3
_SJ.JJ;J\y:\.A,ﬁt._ﬂ.u;j da,Ld) Q\}Eﬂ\

Ex.2 Use Euler’s Modified method to solve the following
differential equation .

dy . 5 1

Y =X + 4x — >
B.C X=0 y=4

For x=0 (0.05) 0.2 (3D)

Sol.

yi = ¥o + hy (%0, ¥0)

y? = 4+0.05(0+ 0 —24)=3.9

ho .
yi=Yo+ Sy (o yo) +y (1, y1)°]

yi=4+22[0+0—24+0.05" +4%0.05—+
3.91=3.906



Solution of Ordinary Differential Equations

ho .
yi =yo+ Sy (o y0) +y (1, 1)

yi=4+22[0+0—24+0.05" +4%0.05 -
3.906]-3.906

y1=3.906

Vi=3.906 4ad 5l dasdll 024 dlaie) &1 ; 4daaDle
To find y2
Xo=x1+th=0.05+0.05= 0.1 ,y0=3.906 , X¢=0.05

y2 = Yo + hy (o, o)

y9 = 3.906 + 0.05(0M05” + 4 * 0.05 — 2 3.906)— N
Y2 =Yo+ g [y (%0, ¥0) + ¥ (x1,¥1)°]

y} =3.906 + = [0108” + 4 * 0.05 —3.906 + 011° +
4%0.1 - -]’

Y3 = Yo + 51 Grory0) + ¥ Cer, 31

y2 =3.906 + 2> [0I05° + 4 % 0.05 — 23.906 + 011” +

1
4% 0.1 — > « SI02M|-3.878

ho .
Y3 =Yo + Sy (o yo) +y (x1, 1)?]
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y3 =3.906 + > [0I05° + 4 % 0.05 — >3.906 + 0:1” +
1
4+0.1-2+3878-3800
4 h ' ' 3
Y2 = Yo+ 5y (%0, ¥0) + ¥ (x1,y1)°]

y4 =3.906 + 2> [0I05” + 4 % 0.05 — 23.906 + 0:1” +

4%0.1 -« GIS2H 38
y2-3.824

X3= x2th=0.1+0.05=0.15 ,y0=3.824, x0=0.1

Y3 = Yo + hy (¥, ¥0)
¥ =3.824+0.05(0.1% + 4 % 0.1 — 2.3.824)=3.748

h :
Y3 =Yo+ 5 [y (x0,¥0) + ¥ (x1,¥1)°]

v} =3.824+22[0.1% + 4+ 0.1 — 33.824 + 0.15” + 4 »
0.15 — 3 * 3.748]=3.755

ho .
V3 =yo+ Sy Goyo) +y (1, y

y3 =3824+2°[0.1% + 4% 0.1 — 53.824 + 0.15” + 4 »
0.15 — 5 * 3.755]=3.755

y3=3.755
To find y4



Solution of Ordinary Differential Equations

X3=x3+h=0.15+0.05=0.2 ,y0=3.755, x0=0.15

Yi = Yo + hy (o, o)

y§ =3.755 + 0.05(0.15” + 4 * 0.15 — 33.755)=3.692
v = 0+ 21y Gror o) +¥ (o1, 31)°)

yh =3.755+222[0.15° + 4+ 0.15 — 23.755 + 0.2% +
4% 0.2 — > % 3.692]=3.698

Vi = Yo+ g [y (x0,¥0) + ¥ (x1, y1)']

y? =3.755+2°[0.15" + 4% 0.15 — 23.755 + 0.2° +
4% 0.2 — 2 * 3.698]-3.698

Y4=3.698

r X y
0 0 4

1] 0.05 3.906
2| 0.1 3.824
3 0.15 3.755
4|1 0.2 3.698

Ex. 3 The rate of cooling of a body can be expressed as

dT_ k(T —T,
dt_ ( Cl)

Where (T) is the temperature of the body in C°. (T,) is



Solution of Ordinary Differential Equations

the ambient temperature and (k) is proportionality
constant. A body is initial heated at (90 C°) 1s dropped
into water that hold at constant value of (T.=20 C°). Use

Trapezoidal method to compute the temperature after
(0.5 sec) with time step (h=0.25). given that k=0.1, use
(4D).

SOL.

dT
— = —k(T —Tp) -1

r_ 0.1(T — 20

dT—Z 0.1T
dt '

A body is initial heated at (90 C°) Jl sl (& S5 ddaadla
t=0 el e !
By use Trapezoidal method :
i =y +hy (o, ¥)
TY =Ty + hg(to,To)
dt

T9 =90 + 0.25(2 — 0.1(90))=88.25



Solution of Ordinary Differential Equations

=T, +§(2 —0.1(90) + (2 — 0.1(T9))

T} =Ty +2(2 = 0.1(90) + (2 — 0.1(88.25))=82.2718

or
T{ = 89.373 — 0.0125T;

T! =89.373 — 0.0125(88.25) = 82.2718
TZ =89.373 — 0.0125(82.2718) = 88.2717
T2 = 89.373 — 0.0125(88.2717) = 88.2717
To find T,

TP =T, +th ty, T
2 — 10 E( 1 1)
TP =88.2717 + 0.25(2 — 0.1(88.2717))=86.5649

T} =T, +§(2 —0.1(90) + (2 — 0.1(T%))

h
T} =Ty +5 (2~ 0.1(88.2717) + (2 — 0.1(86.5649))

or

T} = 87.6683 — 0.0125TY

T} = 87.6683 — 0.0125(86.5649) = 86.5862
TZ = 87.6683 — 0.0125(86.5862) = 86.5861
T3 = 87.6683 — 0.0125(86.5861) = 86.5861
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Solution of Ordinary Differential Equations

r t T
0 0 90
1| 0.25 88.2717
2 0.5 86.5861

Range Kutta method :

Al 3 hkall e A8y JiSIAG Hhal) ol el

1
Yne1 =Yn Tt 6 [ky + 2k, + 2k3 + k4]

ki =hy'(xy,¥o)
ky = h| +h( +k1>_
2 = _xo > Yo 2 )]

ks = h| +h( +k2)—
3 = _xo 23’0 2 )]

ky = hlxg + h(yo + k3)]

EX. 4 Solve the following differential equation . Use Range
Kutta method :

dy :
ax Y =x+Yy

B.C y(0)=1 For x=0(0.1)0.1(4D)
Sol:

11



Solution of Ordinary Differential Equations

1
Yn+1 = Yn T 5 [k1 + 2ky + 2k3 + ky]
ki =hy'(xe,¥0)
k1 = 01 y'(x + y)
k; = 0.1 (04 1)=0.1000

=2

ky = 0.1]0+ 2 (1+252)]=0.1100
k>

k3_h[x° (yo 2)]

ks =010+ % (1 +252)|=0.1105

ky = hlxg + h(yo + k3)]
k, = 0.1[0 + 0.1(1 + 0.1105)]=0.12105

Y(o.1y = 1.0000 + % [0.1000 + 2(0.1100) + 2(0.1105) +
(0.12105)]=1.11034

Range Kutta merson :

‘(L;)uuj\ ;\.Usﬂ\) Wadl) yoaes e g5 yad e & Range Kutta (5 sl (e
.w\\&ﬁﬁﬁﬁjﬁ\wg\@#\a&em%\ﬁ
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Solution of Ordinary Differential Equations

1
Yn+1 = Yn T 5 [ky + 4ky + k5]

ki =hy'(xo,¥o)

k—hl iy +k1]
2 = NXo 3 Yo 3

h ki k,
k3:hx0+3+y0+g+6
2 8 8
- k, 3k,
k5=h_x0+h+y0 +7_T+2k4]

1
Error = 30 — [2k; — 9k; + 8k, — k<]

EX. 5 Solve the following differential equation . Use Range
Kutta merson method :

dy :
ax Y =X Ty
B.C  y(0)=1 For x=0(0.1)0.1(4D)
Sol:

ki =hy'(x0,¥0)
k;, =0.1(0+1) =0.1000

13



Solution of Ordinary Differential Equations

ky

kz—hlx0+ +yo b2

k2—01[0+—+1+—] 0.1067

k h’ +3 " gl
3 = N|Xo Yo 6 6
k3—01[0+—+1+01000+0'1067]=0.1068
k —h[ ROV WAL
4 = N|Xg > Yo 3 3
k, = 0.1 [0 + 20 220 3(0'1068)]=0.1103

k, 3k
k5=h[x0+h+y0+7—7+2k4]

0.1 3(0.1068
k5=0.1[0+0.1+1+ - ( > )+2(0.1103)]

=0.1210
1
Yns1 = Yn T 3 [ky + 4ky + ks]

y1 = 1+=[0.1+4(0.1103) + (0.1210)]=1.1104

1
Error = 30 [2k, — 9k5 + 8k, — k]

1
Error = 25[2(0.1) — 9(0.1068) + 8(0.1103) — (0.1210)]
= 6.667 * 1076
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